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PROPAGATION OF OPTICAL FIELDS IN A PLANAR LIQUID CRYSTAL 

WAVE GUIDE 

R. F. RODRIGUEZ and J. A. REYES 
Departamento de Fisica-Quimica, Instituto de Fisica, U.N.A.M. 
Apdo. Postal 20-364, 01000 MBxico, D.F.. MBxico 

Abstract A model for the propagation of an optical field in a 
planar nematic cell is presented. The effects produced by the 
hydrodynamic couplings due to backflows and to an externally 
induced flow are explicitly taken into account. It is shown that 
when the resulting flow is a planar Couette flow, the liquid 
crystal distortion induced by the field gives rise to an 
index-gradient which generates a wave guiding effect that 
concentrates the ray trajectories and the electromagnetic energy 
density into the central part of the cell. 

Keywords: wave guides, nematic cell, hydrodynamic effects 

I NlRODUCT I ON 
The propagation of a laser beam through a nematic liquid crystal film 

is a phenomenon that exhibits some very unique and highly nonlinear 

optical properties. l S 2  It has been experimentally verified that a 

sufficiently strong laser field induces an orientational transition in 

a nematic film. For instance, a linearly polarized incident beam 

distorts the initial alignment in the film by reorienting the 

molecules against the elastic torques. On the other hand, when the 

beam is circularly or elliptically polarized, a variety of nonlinear 
dynamical regimes may arise during the reorientation process. 

3 

4 

In recent years a great deal of attention has been given to a 

different aspect of this process, namely, the possibility of producing 

a wave guiding effect in optical fibers with liquid crystalline 

cores. The basic idea is to take profit of the nonlinear optical 

properties of liquid crystals to produce the effect without restoring 

to the usual mechanism based on total internal reflection. In a 

previous paper (hereafter refered to as I) we have modeled this 

situation and we have shown the existence of a wave guiding effect 

that concentrates the ray trajectories and the electromagnetic energy 

of the beam in the central part of the cell. However, in I all the 

hydrodynamic effects that usually accompany the reorientation process 
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288 R. F. RODRIGUEZ AND J .  A. REYES 

were entirely neglected. The basic purpose of this work is to extend 
the analysis in I to take into account the combined action of 
backflows and of externally induced hydrodynamic flows on the 
reorientation. We show that for a low intensity beam in the optical 
and W limits, the wave guiding effect still exists. In the former 
case this is exhibited by calculating the ray trajectories from the 
corresponding eikonal equation; while in the latter one it is shown by 
calculating the spatial distribution of the electromagnetic energy 
density within the cell. In both cases there exist caustics whose 
position is determined by the angle of incidence and the material 
parameters. 
We consider a nematic layer of thickness 1 measured along the z axis 
and contained between two parallel conducting plates, as shown in Fig. 
1.The transverse dimensions along the x and y directions are large 
compared to 1, but the cell has a finite volume V = L 1. We assume 
strong anchoring boundary conditions for the director at the plates. 
If the nematic is excited by an obliquely incident laser beam whose 
polarization always remains in the x-z plane, we shall assume that the 
reorientation of n will also take place in the x-z plane. Furthermore, 
if the cell has a large aspect ratio, we may assume spatial homogenity 
in the x direction so that n = [sin 8(z,t), 0, cos O(z,t)l. The 
reorientation angle 8 satisfies the strong anchoring planar boundary 
conditions 8(2=?1/2) = ?n/2. 

2 

+ 

+ 

H" metal y 

FIGURE 1 Schematics of a linearly polarized laser beam propagating 
through a planarly aligned liquid crystal film. 
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LIQUID CRYSTAL WAVEGUIDE 289 

-- BASIC DYNAMICAL EQUATIONS 

For the assumed geometry and in the approximation of equal elastic 

constants (k E k = k = k 1, the Helmholtz free energy functional is 

3 = J dv {(1/2)k (d8/dzI2 + (1/8n)[cLlE12 + &,(lEx1 sin 8 + 
2 2  

V 

(E*E x z  + ExE:)sine cos8 + IEZl2ccos28) + H2 Y + (1/2)p~~(z)~}, (1) 

where p(z,t) is the mass density and * denotes complex conjugate; c = 
c - E stands for the dielectric anisotropy of the nematic. In 

writing this expression we have assumed that the induced backflows 

also occur in the x-z plane and that due to the features of the cell, 

their only relevant component is along the x axis. The stationary 

configurations are determined by minimizing (1) and are defined by the 

corresponding Euler-Lagrange equations 

a 

II 1 

63/68 E k d28/dz2+ (ca/8n) [sin 28 ( I ExI - lEzl 1 - 

- 2E E* cos 281 = 0. (2) x z  

The equations of motion for the reorientation angle and the velocity 

field can be obtained from 3 a and turn out to be 

where r,, r , ,  u with A = rl/r2, denote various viscosity 

coefficients. The last term in Eq.(3b) can not be derived from 3 and 

takes into account the contribution to the flow produced by an 

external pressure gradient along the x direction. We assume that the 

total field vx satisfies stick boundary conditions on the plates, 

vx(z=fl/2). The coupled equations (3) describe the time evolution of 

the orientational configuration induced by the beam in the presence of 

hydrodynamic flow. 

As shown in I, the propagation of the beam may be conveniently 

described in terms of the complete representation provided by the 

corresponding TM modes E (<,ko), E (<,ko) and H (<,ko) (see Fig.11, 
where < = z/l and ko w/c is the free space wavenumber, being c the 
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290 R. F. RODFUGUEZ AND J. A. REYES 

speed of light in vacuum. These modes are the only ones that couple to 

the reorientational dynamics and are assumed to be of the general form 

!71(x,z,t) = Gl (<,$ 1 exp [i(/3x-ot)l, i = x, z ,  y, (4) 

where /3 is the propagation constant. Using the Maxwell ehuations 

without sources in the liquid crystal, one easily arrives at the 

following set of equations for the amplitudes G of these modes: 
I 

czzd Hy/d< + [2ikolpc + dczz/d<l dH /d< + kol[kol(cl,cl-p2cXX) + 

+ ipdcxz/d<l H = 0 , (5a) 

x z  Y 

Y 

with p I /3/ko. The components of the dielectric tensor c = c 6 + 

c n n are explicity given in terms of e ( z )  and the dielectric 

anisotropy by c = c + c sin e ( z ) ,  c x Z =  casine(z) cose(z), c Z Z =  el + 

c cos e ( z ) ,  c = c with c = c = 0. 

1 J  1 1 J  

2 a l J  

2 
x x  1 a 

YY 1 Y X  ZY 

REORIENTATION IN THE STATIONARY REGIME 
The stationary state is defined by ae/at = 0 and &/at = 0. If dp/dx 

Ap/L = const, from Eqs. (3) one arrives at the closed equation 

d2vx/dz2 = GX/l2, (6) 

where 1 Q/plL is the average velocity and Q is the mass rate per 

unit time; when Q is calculated explicitly this quantity can be 

rewritten as G = (12Ap/2L)[v3+ (A-l)2~l/41. For stick boundary 

conditions, the solution of (6) reads 

vX(<) = 6 G (1/4 - C 2 ) ,  ( 7 )  

and represents the velocity profile of the well known plane Couette 
flow. Substitution of this profile into Eq.(3a) leads then to the 

following nonlinear reorientational equation for the stationary state 

-0  - 
Ye= d2e/dc2 + qI(liZ12-IE 1 2 )  sin20 + (Ex< + Ex EZ 1 cos 201 + 

6 N < cos 8 = 0. (8) 

Here iz 1 EZ/Eo and Ex Ex/Eo, where E:/8n is the intensity of the 
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LIQUID CRYSTAL WAVEGUIDE 29 1 

incident beam. There are two important and independent parameters in 

the above equation. On the one hand, the parameter q i c E 12/8nk, 

which is proportional to the ratio between the intensity of the 

optical beam and the nematic's elastic energy density. measures the 

strenght of the coupling between the optical field and the 

orientational configuration. On the other hand, the parameter N p 6 R 
u ( A - 1 ) ~  /kp contains the effects due to the hydrodynamic flows. It 
depends on several material parameters and on the induced flow through 

the Reynolds number R p GXl/u3. To solve Eq. (8) to a given order in 

q, the corresponding fields should be determined first from Eqs.(5) to 

order q-1. Since the components of c depend on B,this requires to 

calculate 8 also to order q-1. We start with the director 

configuration that minimizes the free energy in the abscence of 

optical fields (q = 0); this approximation defines the low intensity 

limit. However, even in this approximation Eq.(8) can not be solved 

exactly in an analytical form. But by minimizing a global error 

functional constructed with the operator I in Eq.(8), we arrive at the 
solution 

a 0  

3 1 

i J  

where C = N/3 for N>>1 and C = 2N/3 for N<l. For a Reynolds number R = 

lo-', which corresponds to N = 40, this configuration is shown in Fig. 

2. Once this stationary state has been determined, the TM modes can be 

calculated from Eqs: (5) to zero order in q. As will be shown below, 

these modes will be used to determine the electromagnetic energy 

density within the cell. This process of succesive approximations can 

be carried on to higher orders in q. For instance, to calcluate the TM 
modes to first order in q, one should first calculate the change in 

the dielectric tensor due to the torques resulting from the optical 

fields by solving (8) up to order q to obtain e( ' ) (< ) ;  in this case 
the fields to zero order in q should be used in Eq.(8). Once e'"(<) 
is known, from Eqs.(5) the fields to first order in q can be 

calculated. In this sense both, the reorientational equation (8) and 

Eqs.(S) for the field amplitudes are nonlinear. However, in this work 

we only solve Eq.(8) in the low intensity limit q<<l. 
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292 R..F. RODRIGUEZ AND J. A. REYES 

-- OPTICAL, LIMIT 
This limit is defined by the condition kol>>l. Assuming that the TM 
modes, Eqs.(S), are of the form 

FIGURE 2 The orientational configuration in the low intensity limit 
with hydrodynamic effects 

where U(r)  is the characteristic function of Hamilton which is equal 

to the difference in optical paths of a ray propagating between two 

points in the cell. However, in this limit it is not necessary to 

calculate the TM modes explicitly, although it can be done. Instead, 

we shall calculate the ray trajectories from the corresponding eikonal 

equation. In terms of the variable S(<)  defined by W(<,x) = px + S ( C ) ,  

with x sz x/l, this equation (Hamilton-Jacobi) turns out to be the 

following ordinary differential equation 

E (dS(<)/d<I2 + 2pex2 dS(<)/d< + p2&,, - = 0, (11) 
22 

whose general solution reads 

s* ( ')(<I = k Sod<' [pcxz k 

The superscript (O)  indicates 

< 
(12) 

that S(<) has been calculated to order 
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LIQUID CRYSTAL WAVEGUIDE 293 

zero in l/kol, that is, in the optical limit. S i  are integration 
constants whose specific values can be determined from the boundary 
conditions that the TM modes should satisfy at the metallic plates. 
The ray trajectories y = y(< ,x )  are defined by = aW(<,x)/ap, where y 

is the generalized coordinate conjugated to the momentum p. From the 
definition of W in terms of S(<) and Eq. (12) we get that 

The parameter p may be expressed in terms of the propagation angle a 

by p = ( e l l )  
1 J  

are functions of 0 ,  substitution of the solution (9). which depends on 
the flow through the parameter N, leads to explicit expressions for 
the ray trajectories in the presence of hydrodynamic flow. We do not 
give this analytic expression but instead we calculate an explicit 
trajectory. However, also note that Eq. (13) is real only if cZZ< p , 
which means that the ray can only propagate in some regions within the 
cell.; that is, there exist caustics. This behaviour is illustrated in 
Fig.3 for MBBA. Three trajectories are shown for a propagation angle a 
= 4S with R = lo-' and N>O. The curves show that in contrast to the 
results in I where the trajectories were all concentrated in the 
central part of the cell, the presence of flow confines them into well 
defined independent stripes whose number, width and position within 
the cell is determined both, by flow and material parameters. As R 
increases and the flow becomes more intense, the number of stripes 
also increases. 

1 1 2  [l + ( E ~ / E , ~ )  cot2 Since the components of c 

2 

0 

-- WKB LIMIT 
Since the optical limit, (ol/c)>>l, holds true for high frequencies of 
the beam within the cell, it would be of interest to find out if the 
wave guiding effect still exists for lower frequencies. To this end it 
is necessary to take the next succesive approximation to the optical 
limit and keep now terms of order l/kol. This defines the WKB limit. 
Since in this limit the concept of ray trajectory looses its meaning, 
to exhibit the existence of the wave guiding effect we first calculate 
the TM modes up to first order in l/kol and then show that the 
electromagnetic energy density distributes itself around the central 
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294 R. F. RODRIGUEZ AND J. A. REYES 

part of the cell. To this order Eq.(ll) now is 

2 
I [dS(<)/d<12 + 2pcxz dS(<l/d< + p cxx - & &  I, I = 

Z Z  

2 (0) (l/kol) [czZd S+ - (<)/d<2 + dc /d< + pdcxz/d<l. (14)  
Z Z  

.’ 
- 

0 

FIGURE 3 Ray trajectories for MBBA at T = 25’C. a = 45’, R = lo-’ and 
N>O . 

From Eqs.(l2) and (14)  we find that 

Substitution of this expression into Eq.(lO) and using the relation 
between W(x,<) and S(<), we can obtain explicit expressions for the TM 
modes in the WKB limit. It should be pointed out that in doing so the 
coupling between the orientation and the optical field, as measured by 

q, is entirely neglected. To order zero in q the explicit forms of 
these modes and the integration constants C+ in Eq.(15), are obtained 

by satisfying the appropriate boundary conditions for TM modes at the 
metallic plates and by fulfilling the conection formulas at the 
corresponding caustics. The resulting equations are too complicated 

- 
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LIQUID CRYSTAL WAVEGUIDE 295 

to give them here, however, their explicit form can be found in 
reference 9 .  Using these resulting expressions we calculate the 
distribution of the electromagnetic energy density, uem=(1/8a) [ E ~ E ‘  + 

c (n.E)’ + H:], within the cell. For the same system and parameters as 
in Fig.3, we obtain the curves plotted in Fig.4. Note that most of the 
electromagnetic energy density is indeed concentrated around the 
central part of the cell; this shows the existence of the wave guiding 

a 

eff,ect even in the WKB limit and in 
flows. 

s--- - 4  

-0.4 -0 I 2  

ern U 
the presence of hydrodynamic 

0 . 2  Q.4 

FIGIJFtE 4 Distribution of the electromagnetic energy density u as a 
function of <. Same parameters as in Fig.3. ern 

- CONCLUSIONS 
In this work we have shown that for the nematic cell model that we 
have introduced in I, a wave guiding effect still exists in the 
presence of both, internal backflows and externally induced stationary 
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296 R.  F. RODRIGUEZ AND J .  A. REYES 

flows. In contrast to the situation discussed in I where hydrodynamic 
flows were entirely neglected, here their effect is manifested in the 
optical limit by confining the trajectories of the optical field into 
independent stripes whose number, position and width is determined by 

the Reynolds number and the material pararneters.Another feature of our 
model that should be emphasized is that in our discussion the coupling 
between the orientational dynamics and the electromagnetic field, as 
measured by the parameter q, was entirely neglected. When this 
restriction is relaxed, the consideration of higher orders in q makes 
nonlinear the dynamics of both, the reorientation angle 8 and the TM 
modes. This is a richer physical situation and it can be shown, for 

instance, that for a wave packet of normal modes for which the wave 
guiding effect holds individually, the field propagates as optical 
solitons concentrated along the central part of the cell. However, 
whether the presence of flow reinforces or destroys the wave guiding 
effect in this case remains to be assessed. 

10 
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